
Loop invariants and correctness

of insertion
sort

All j
elements currently

sorted

Aljte
n elements on the table

that need to be sorted

Note elements
in Ace j e

are the elements
that were originally

 



in place of indices from 1 to j e

but now they are sorted This

property is called a loop invariant

and it is used to establish

correctness of the algorithm

To establish correctness we need

to verify
the following

three

things of
a loop invariant

Initialization
it holds before

the first iteration starts

Maintenance if it holds before

an iteration it should also hold

before the next iteration



Termination when algorithm haults

one should
be able to evaluate its

correctness

0 31

Three conditions of loop
invariant

resemble the method of mathematical

induction

initialization
base

maintenance a induction step

In induction there are infinitely many

induction steps In an algorithm the

induction stops when algorithm finishes

its execution

To terminate one usually adds some

stopping conditions



Example of the induction method proof

show that

1 2 34 Cn din É k naff

solution

Base Check case nel or n z

1 2 2121
1 141

3 223
1 1.3 3 3

1 I

Induction assumption assume the statement

is true for n k i.e

1 2 34 k e 6 3 8 621

Induction step show that the statement is

true for n htt a
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Indeed
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assumption
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Back to Insertion Sort procedure



1 Initialization j 2 ALL

To the left of ALL the tub array

All j i is just Ace
This is of course

sorted initially
2 Maintenance need to show that

iteration preserves loop invariant

Start at j Subarray Ace j has

elements from originally Ace j but

in the sorted order At most we shift

elements ACj 13 A j 27 etc one position

to the right until we find a proper

position for Ali Then we insert the

value of ALj line 8 At the end

of iteration
we get elements Ale

but in the sorted order Hence the loop

invariant is preserved



Termination

stopping
condition in for loop

j A length A length n

when j ntl we leave the for loop

For jente the tubarray Ace j is

All nl but it is in the sorted order

All in is in fact the entire array

that we need to sort Hence sorting

is completed and we conclude that

the algorithm is correct
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